Critical linkages of coalescing microcracks under stress loading
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ABSTRACT The fracture process of brittle materials with randomly orientated microcracks critically
depends on strong interactions among microcracks and the coalescence path that leads to
a fatal crack. In this paper, a model based on the coalescence process for planar
orientated microcracks is presented. An energy ratio is defined as the competition
between the potential energy release and the new crack surface energy in each coales-
cence step, which is a token of the excessive driving force for microcrack propagation.
A critical linkage dictates the coalescence of microcracks under stress loading. Probabil-
ities of microcrack coalescence dominated by the first linkage and subsequent linkages
are analysed for collinear and wavy microcrack arrays in detail.

Keywords coalescence; critical linkage; energy ratio; microcracks; probability; stress
loading.
NOMENCLATURE ag = expected half-length of distributed microcracks

a1, a; = half-length of microcracks 1 and 2

¢ = ligament size

s, — standard deviation of ligament sizes

sp, = standard deviation of microcrack orientation
Stran — transition value of the standard deviation of ligament sizes
Dy, Dy = equivalent dislocation density functions of modes I and 1T
Mgl — linkage step that causes fatal collapse
ple) = ligament size distribution
P; = further linking probability after 7 linkages

P! = probability of first coalescence dominant fracture
P* = probability for the sustained extension of a crack after the kth linkage

R = energy ratio

wy, w, = deformation energy before and after the coalescence process

s = surface energy

6,, 0. = microcrack-orientated angles
a(x), t(x) = normal and shear traction loaded on the microcrack surface
ATI = potential energy released by linking two neighbouring cracks

INTRODUCTION

Randomly distributed microcracks impose a basic
damage configuration on brittle materials, which range
from ceramic, concrete, to rocks. Early researches on
solids weakened by microcracks were focused on the
reduction of effective elastic constants. The reduction
can be accurately estimated through various approaches
such as the Mori—-Tanaka method,' the self-consistent
method” and the generalised self-consistent method.?
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Those approaches, however, are not sensitive to the
local microcrack geometry and cannot serve as the frac-
ture-related indicator of brittle materials.

Study of the fracture behaviour of brittle materials
leads to research interest in macrocrack-microcrack
interactions. A number of researchers*” studied the
interaction between a macrocrack and nearby micro-
cracks. Hutchinson'® and Ortiz'""'? studied shielding
by microcracks. A comprehensive review of this topic
can be found in the work of Kachanov."> Yang et al.'*
and Zhang et al."® reported their recent investigation on
the statistical strength of brittle materials with collinear
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microcracks, emphasizing the strong interactions among
the microcracks.

The above research topics do not cover the macrocrack-
extension process, which may dominate the fracture be-
haviour of the brittle materials. Recently, Zhang and
Yang,' in exploring the extension of a macrocrack by
connecting statistically distributed microcracks, dis-
cussed how long a semi-infinite crack can extend and
how far the crack tip can shift vertically.

The formation of a macrocrack depends on the coales-
cing process of microcracks. Sketched in Fig. 1 is the
general coalescing process via step-by-step microcrack
linkages. A single chain of coalesced microcracks
dominates the process. In this paper, a model based on
the coalescence process for planar orientated micro-
cracks will be presented.

Two typical loading patterns—displacement loading
and stress loading—lead to various responses. Micro-
crack coalescence under displacement loading is inevit-
ably influenced by stress relaxation in each linkage step.
As a result, global softening assisted by microcracks plays
an important role in the analysis.'”

Whereas under stress loading, the elastic analysis of
microcracks can be divided into two problems: the matrix
without microcracks under remote stress loading and the
microcracked matrix with the negating crack surface trac-
tions. The latter dictates the coalescing process of micro-
cracks, and is determinable in each microcrack linkage,
regardless of the global softening in the coalescing pro-
cess. Under this restriction, the critical linkage analysis of
coalescing microcracks will be presented in this paper.

Brittle matrix:

Pt

Formulation

A two-microcrack configuration representative of a co-
alescing step will be examined in this section. In order to
analyse the coalescence of two neighbouring micro-
cracks, an energy ratio R is introduced, which is the
energetic measure of the microcrack-propagation driving
force.

Representative configuration

The work assumes a self-similar coalescing process of
microcracks, although their mutual orientation changes
appropriately in the specific coalescing step. The as-
sumption has two implications: (i) aside from the linking
pair, other microcracks have no influence on the linkage
process and (ii) the connected microcrack, through
zigzag, is treated as a flat-extended crack. The first im-
plication is somewhat justified under stress loading be-
cause the degradation of the material stiffness owing to
the presence of the other microcracks does not affect the
stress intensity along the connected pair. The second
implication may cause local errors at the crack tips be-
cause a zigzag crack may tilt differently from a straight
crack. The effect of this local distortion may become
small if one considers the energy released during the
whole connecting process. A representative configur-
ation consists of the linkage of two neighbouring micro-
cracks, as shown in Fig. 2. Attention is focused on the
simple case of equal biaxial tension in order to avoid load
deflection after each linkage.

Fig. 1 Schematic of randomly distributed
microcracks and a coalescence path.
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Fig. 2 Schematic of the representative configuration.

Normalised configuration parameters are:

ay ay ¢
D] Haa 96
ag ag 4ag

where 4 and 4, are the half-lengths of microcracks
1 and 2; ¢ is the ligament size; 6. is the angle between
microcrack 2 and the ligament; 0, is the orientation
difference of two microcracks. All lengths are normalised
by ag = J;* af (a)da, the expected half-length of the ran-
domly distributed microcracks, with f'(#) being the dens-
ity function of crack half-length.

The cracks can be simulated by continuous distribu-
tions of dislocations.'®'” A similar formalism is adopted
here in order to evaluate the elasticity field perturbed by
two microcracks, with details given elsewhere.’® The
dislocation densities are given by D(x) = Diy(x) + iDni(x),
where the subscripts I, II label the deformation modes.
One can expand the density function in terms of Cheby-
shev polynomials of the first kind.?! The stress and strain
distributions can be expressed by the Chebyshev coeffi-
cients to be solved. The solution accuracy can be guar-
anteed by taking enough terms in the Chebyshev
polynomials.

Energy ratio

The coalescence of the microcracks is dictated by an
energy ratio defined as:

AII
R =
2cy,

(1)

where AIl denotes the release of potential energy be-
cause of the linkage of two neighbouring cracks and s
is the surface tension of the brittle matrix. Accordingly,
R represents the ratio between the released potential
energy and the energy to create two surfaces along the
broken ligament during the coalescence. The larger the
ratio R, the larger the driving force, and the larger
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the coalescence probability. With this understanding,
one defines the fracture process as a sequence of coales-
cing steps selected by R values. We remark that under all-
around traction loading and plane strain deformation,
Poisson’s ratio will not have effect on the energy ratio R.
We denote a(x) and t(x) as the normal and shear ‘pseu-
dotractions” transferred to the microcrack surface,
whose opening and sliding displacements can be calcu-
lated by the scheme outlined in the preceding section, as
well as the references listed therein. The potential energy
contributed from the 7th microcrack is given by:

o — J_ [o(@y(@) + e de =12 2)

Summing over IT1? before and after the microcrack link-
age, one obtains the potential energy release AIl, from
which the energy ratio R follows from (1). Such a con-
clusion has been reached from the recent numerical cal-
culations and analyses.

RESULTS

In this section, we evaluate the energy ratio R for two
special cases: collinear and wavy microcrack configur-
ations.

Collinear microcracks

Collinear microcracks impose the most critical configur-
ation under a prescribed microcrack density. Without
loss of generality, one may fix the half-length of one
microcrack, and consider the variation of R under
various lengths of the second crack and the ligament.
Figure 3 shows the R surfaces as functions of #, and
¢ for fixed values of #; of 1.0, 2.0, 3.0, 4.0 and 5.0.
Grid lines on each surface correspond to curves of
fixed values of #, or ¢. They indicate that R increases as
a;increases or as c decreases. The value of Rascends rapidly
near the end of small c. Fora given combination of #; and 4,,
each R—c curve has a minimum at ¢* (as shown in Fig. 4a).
When0 < ¢ < ¢*, Rincreases as cdecreases, and rises toward
infinity as ¢ tends to zero; when ¢ > ¢*, Rincreases slowly as ¢
increases, and approximately approaches a linear relation
for large ¢. Figure 4(b) depicts the R— curves for small
ligament size where microcrack coalescence is likely to
occur. Theywill serve as the basic curves for the subsequent
analysis.

Wavy microcracks

A wavy microcrack array is a representative configura-
tion for coalescing microcracks. We will illustrate the
variations of R under various combinations of microcrack
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Energy ratio R
Energy ratio R

Energy ratio R
Energy ratio

Energy ratio R

lengths, ligament sizes and orientations in this case
hereafter.

Figure 5a—d shows the contours of the R—(6,, 6.)
surface for equal microcrack length 4y, but various liga-
ment sizes, where 2o = 1.0 and ¢ = 0.1, 0.5, 1.0, 1.5,
respectively. All contours depict the decreasing trend of
R with the increase of 0, or 0.. The R value always maxi-
mises at§, = 0and 6, = 0, namely the collinear configur-
ation. For a given 0. (or 6,), the R-0.. (or 0,) curve reaches
its peak ata certain 0. (or 0,) value which has the same sign
as 0, (or 0.). The larger the value of 0, (or 0,), the larger the
peak location 0. (or 6,). This trend becomes pronounced
in the case of larger c-a values. Comparing the four maps,
one finds that a larger a—c value indicates a larger overall R
level, thus a stronger interaction, which is consistent with
the collinear configuration.

Figure 6 a—c shows the contour maps of the R — (0,,0.)

surface when a=1 and c¢=0.5. Various maps

Fig.3 R — (a2, c) surfaces under various #,
values.

correspond to various coalescing stages: map (a) denotes
the initial configuration without any microcrack link-
ages; map (b) the configuration after the first linkage
and map (c) the configuration after the second linkage.
Tracking the variations of R with the coalescing steps,
one finds that even the minimum R value in a certain step
exceeds the maximum R value of the previous steps. For
the case of equal microcrack length and ligament size, the
microcracks connected by the first linkage will dominate
and lead to the fatal collapse.

Figure 7a—d shows the R surfaces with respect to ¢ and
0. for fixed value of 0, = 0 and a = 1.0. Various surfaces
correspond to various coalescing stages, in the same
sense as explained before. Grid lines on each surface
correspond to curves for fixed values of ¢ or .. These
surfaces indicate that R increases as ¢ decreases and rises
toward infinity when ¢ tends to zero. On the other hand,
R decreases as the absolute value of 0. increases and
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Fig. 4 R — ¢ curves: (a) for large ¢ range; (b) local zoom-out for
small c.
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always reaches its maximum at 6, = 0, which renders the
R—(,0.) surface a shape of a half-saddle. Comparing
various coalescing stages, one finds that the R level in-
creases as the crack extends step by step. These graphs
will be exploited in the next section for the critical
linkage-dominated fracture analysis.

DISCUSSION

In this section, we carry out the probability analysis of
the critical linkage-dominated fracture. Variations of the
probability vs. microcrack geometry and statistics are cal-
culated for the two cases of collinear and wavy microcracks.
The critical linkage steps are identified under various liga-
ment sizes and microcrack-orientation distributions.

Collinear microcrack configuration

Recall that microcrack coalescence occurs under strong
interaction. Accordingly, the small ligament size range,
say ¢ < ¢, is of interest to us. In that range, R increases as
¢ decreases (as shown in Fig. 4b).

Consider the case where all microcracks have the same
half-length of 49 =1.0 and are separated by ligaments
whose sizes are described by a normal distribution p(c).
For successive linking steps, the variations of R with
respect to ligament size ¢ can be seen in the various curves
in Fig. 8. The top graph plots energy ratios for the initial
configuration (Ro(c) curve), after the first linkage (R;(c)
curve) and after the second linkage (R,(c) curve), and so

-80 —60 —40 =20 0 20 40 60 80

-80 =60 =40 =20 0 20 40 60 80

Fig. 5 Contours of R — (0,, 0.) surface with
ay = 1.0.
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(b) After the first linkage
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6,
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(c) After the second linkage

Fig. 6 Contours of R — (0,, 0.) surface.

on. Those curves are based on a linkage calculation be-
tween an initial microcrack of length 24y and a connected
crack of length (27 + 2)ag + icy, separated by a ligament of
¢. The bottom graph depicts p(c) that assumes a normal
distribution with an expected value of ¢.

For a given ligament size ¢, one can find an energy ratio
Ri(c) for a crack that has connected 7 times. Dictated by
the same energy ratio, a critical ligament size ¢; = R
(R{0)) can be defined, as graphically depicted in Fig. 8.
For two neighbouring microcracks of initial half-length
ag, linkage between them is impossible if their ligament is
larger than ¢;. Consider all possible ligament size ¢; the
proportion of ligaments whose sizes are larger than ¢ is

p(H)dd
ai(c)

as indicated by the shaded area in the bottom graph of
Fig. 8. By the random encounter of ligament size of the
connected crack, the value of

p(cdd
ai(e)

also gives the probability of the connected crack (after i
linkages) for further extension across a ligament of size ¢,
under the same driving force related to Ri(c). The
integration of that quantity with respect to ¢, weighted
by the normalised density p(c), delivers the further link-

age probability for a crack that has connected 7 time:
P= [ 0 [ pterdede 6)
0 )

For a connected crack after the kth linkage, the probabil-
ity for that crack to reach a fatal state (under the same
driving load) is calculated by the multiplication of further
linkage probability P; as:

Nfatal

P =[P (4)

where 7g,, denotes the number of linkages to form a
fatal crack, determined by the remote loading and the
matrix fracture toughness.

The concept of the critical linkage in statistically co-
alescing microcracks now emerges. The coalescence of
microcracks is said to be dominated by one connected
crack if its sustained extension, rather than the linkage of
other microcracks, leads to the formation of a fatal crack.
Accordingly, the difference:

© 2002 Blackwell Science Ltd. Fatigue Fract Engng Mater Struct 25, 499-508
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Fig. 7 R — (c, 0,) surfaces of various link-
age steps.

After the Ist linkage R; (c)

i | Initial configuration Ry (c)

‘Cz 1€] Co ¢

G €

Fig. 8 Ciritical linkage in coalescing microcracks. Top graph shows
R—c curves of various; linkages bottom graph depicts probability
distribution of ligament size .
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(c) After the second linkage
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Energy ratio R

(d) After the third linkage

APk =pt_pt-1 pl— (5)

denotes the probability of crack coalescence dominated

by the kth linkage. Specifically, the probability of

microcrack coalescence dominated by the first linkage

is denoted by P'.

Given a certain microcrack distribution and geometrical
parameters, one can determine the probability of micro-
crack coalescence dominated by the first linkage. Figure 9
plots the variation of P! under various expected ligament
sizes ¢ and standard deviations s. The curves are calcu-
lated under 4y = 1.0 and ¢, = 0.3, 0.5, 0.8. The plots
illustrate the fact that the probability P! decreases as s
increases. The case of s =0 corresponds to periodic
microcracks and is always dominated by the first linkage.
A transition value s, of the standard deviation of liga-
ment sizes can be defined. When s < sy.n, microcrack
coalescence is dominated by the first linkage; otherwise,
it is dominated by subsequent linkages. As the expected
ligament size increases, the transition value s, increases
and the transition becomes smoother.

Figure 10 shows the probability of microcrack coales-
cence dominated by the first linkage and the subsequent
linkages. It plots the variations of P Fk=1,3,5,8, 10)
with respect to the standard deviations, with 2y = 1.0,
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¢o = 0.8. The horizontal line of P"?%! (5) = 1 gives the
correct upper limit of that family of curves. The vertical
distance between the two curves (say between the curve
of k = 3 and the curve of k¥ = 5) denotes the probability
of microcrack coalescence dominated by the linking steps
in the designated % range (say for £ = 4 and 5). The
higher the value of the standard deviation of the crack
ligaments, the larger the critical linkage that would dom-
inate the microcrack coalescence.

T T T T
0.0 0.2 0.4 0.6 0.8
Standard deviation of ligament size distribution s

Fig. 9 Probability of microcrack coalescence dominated by the first
linkage.

Wavy microcrack configuration

The relationship between coalescing types and geometry
of wavy microcrack configuration is discussed next. Our
analysis is based on Fig. 7, in which 4o = 1.0 and 0, = 0.
The distributions of ¢ and 6. are denoted by p.(c) and
po(0.), respectively. For a given combination of ligament
size ¢ and orientated angle 6, one can find an energy
ratio R;(c,0.) for a crack that has connected 7 times. With
the same energy ratio, the corresponding area A; in the
-0, plane can be identified in the initial configuration
(Fig. 7a) where Ro(c,0.) < Ri(c,8.). Considering all pos-
sible ligament sizes ¢ and orientation angle 0., one derives
the probability for further extension of a crack that has
already connected 7 times as:

—
S N GO | PR ACAL R A R
o

A;
(6)

where 0. denotes the maximum orientated angle.
After the kth linkage, the probability for sustained exten-
sion of that crack is also given by (4).

Figure 11 plots the fracture probability dominated
by the first linkage under various ligament size distribu-
tions, and gives a comparison of P variations along vari-
ous microcrack-orientation distributions. Curves in
Fig. 11 are calculated for 4y = 1.0, ¢y = 0.5, 6, = 0.0,
and 0. is described by a normal distribution with
expected value of zero and standard deviation of sg.
Various curves in Fig. 11(a) correspond to various s,_of
0° (collinear distribution), 5°, 10 and oo (even orientation
distribution). The plots depict the same decreasing

Fig. 10 Probability of microcrack coales-

k-th linkage-
10 dominated fracture
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0.0 T T T T T T T e T T
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Standard deviation of ligament size distribution s

cence dominated by the first linkage and
subsequent linkages.
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trend of P as s increases. For a given microcrack half-
length and ligament size distribution, the probability of
first linkage-dominated fracture increases as the micro-
crack-orientation randomness increases. Also, the wavy
microcrack configuration exhibits a greater chance of the
fracture mode being dominated by the first linkage than
the collinear one. This can be explained by the fact that
the ligament between two unconnected microcracks
in the collinear configuration is more likely to be broken
in the further linkage steps than the one in the wavy
configuration.

Figure 11b plots P—s curves under various expected
ligament sizes of ¢y = 0.3, 0.5, 0.8. The dashed line and
solid line denote the collinear and wavy (symmetric
orientation distribution) microcrack configuration, re-
spectively. The wavy case has a relatively higher P level
and a milder transition than those for the collinear case.
The transition value sy, defined in Fig. 9 also increases
as ¢ Increases.

o (standard deviation of 6c)

55,5 0° (Collinear distribution)

Probability of the first linkage-
dominant fracture

0.0

0.0 02 0.4 0.6 0.8 1.0
Standard deviation of ligament size distribution s

(a) P—s curves under microcrack various-orientation distribution

1.0 4

osd  A\W\NMN N\ | Collinear microcracks

Wavy microcracks

0.6

0.4

dominant fracture

0.2 1

Probability of the first linkage-

0.04 =

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Standard deviation of ligament size distribution s

(b) P-s curves under various expected ligament size

Fig. 11 Probability of microcrack coalescence dominated by the
first linkage.
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Figure 12 plots the probability of microcrack coales-
cence dominated by the first linkage and the subsequent
linkages. The curves are calculated for a wavy microcrack
configuration of a9 = 1.0, ¢ = 0.8 and critical linkage
step numbers of 1, 3, 5 and 8. The probability level
increases as the critical linkage number increases, simi-
larly to the trend shown in Fig. 10. Comparison between
the two corresponding curves with the same critical link-
age number in Figs 10 and 12 shows the relatively higher
P level of the wavy microcrack configuration than the
collinear one, and the P level difference becomes larger
as the critical linkage number increases. For example, the
computational result of the 8th linkage-dominated frac-
ture probability in wavy configuration is a horizontal
line. This means that, for the wavy microcrack distribu-
tion of 49 = 1.0, ¢y = 0.8 and 6, = 0.0, the 8th micro-
crack linkage will inevitably lead to a fatal collapse, no
matter what ligament size randomness the microcracks
possess.

CONCLUSION

The fracture process of brittle materials with randomly
orientated microcracks critically depends on strong
interactions among microcracks and the coalescence
path leading to a fatal crack. The coalescence of micro-
cracks is controlled by the energy ratio R between the
release of potential energy and the energy to create the
new crack surface. The influences on R of various geo-
metrical and statistical parameters have been calculated
for collinear and wavy microcrack configurations.

The present work studies the critical linkage-dominated
fracture based on the energy ratio. For a wavy array
consisting of microcracks of equal length and ligament
size, microcrack coalescence is dominated by the first
linkage, regardless of the random orientations of the
microcracks. For both the collinear and wavy microcrack
configurations, the critical linkage-dominated fracture
becomes less probable as the standard deviation of
ligament size increases. The wavy microcrack configur-
ation displays a greater chance of the fracture mode
being dominated by the given critical linkage number
than the collinear one. The probability difference be-
tween the two configurations becomes larger and larger
as the number of critical linkage increases. These quan-
titative relations may guide the optimal design of mater-
ial mesostructure. Further investigations are required in
order to explore the quantitative relationship between
the critical linkage-dominated fracture and the strength
and toughness of microcrack-weakened brittle solids, as
well as the shielding of neighbouring microcracks to the
coalescing chain. For microcrack coalescence under dis-
placement loading, global softening is involved. In this
case, the analysis would rather focus on the expected
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Probability of critical linkage-
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length of the coalescing microcracks, as is discussed by Li
and Yang.'” Another issue of importance is to design
experiments that can identify the statistical characteris-
tics of the critical linkage.
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